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Improvements to the method of dispersion relations forB nonleptonic decays
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We bring some clarifications and improvements to the method of dispersion relations in the external masses
variables that we proposed recently for investigating the final state interactions in theB nonleptonic decays. We
first present arguments for the existence of an additional term in the dispersion representation, which arises
from an equal-time commutator in the Lehmann-Symanzik-Zimmerman formalism and can be approximated
by the conventional factorized amplitude. The reality properties of the spectral function and the Goldberger-
Treiman procedure to perform the hadronic unitarity sum are analyzed in more detail. We also improve the
treatment of the strong interaction part by including the contributions of botht- andu-channel trajectories in
the Regge amplitudes. Applications to theB0→p1p2 andB1→p0K1 decays are presented.

PACS number~s!: 14.40.Nd, 11.55.Fv, 13.25.Hw
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I. INTRODUCTION

In a recent paper@1#, we discussed rescattering effects
nonleptonicB decays into light pseudoscalar mesons, cal
lated by a method of dispersion relations in terms of
external masses. We recall that the analytic continuatio
the external masses was originally investigated in the fra
work of axiomatic field theory@2#. In @1# we used an ap-
proach based on the Lehmann-Symanzik-Zimmerm
~LSZ! reduction formalism@3#, and we showed that the wea
amplitude satisfies a dispersion representation in the m
squared of one final particle, with a spectral function giv
by the hadronic unitarity sum associated to rescattering
fects. We mention that the analyticity domain in this heur
tic treatment is much larger than the domain obtained
rigorous techniques. In the present work we discuss in m
detail some aspects of the dispersion relations propose
@1#.

II. DISCUSSION OF THE METHOD

Defining the weak decay amplitudeAB→P1P2

5A(mB
2 ,m1

2 ,m2
2), whereP1 ,P2 are light pseudoscalar me

sons, we considered in@1# the LSZ reduction relation@3,4#

A~mB
2 ,k1

2 ,m2
2!5

i

A2v1
E dxeik1xu~x0!

3^P2~k2!u@h1~x!,Hw~0!#uB~p!&, ~1!

whereh1(x)5Kxf1(x) denotes the source of the mesonP1.
This relation was the starting point for showing that the we
amplitude satisfies a dispersion representation in the m
variablek1

2, with a discontinuity given by

discA~mB
2 ,k1

2 ,m2
2!5

1

2A2v1
(

n
d~k11k22pn!

3^P2~k2!uh1un&^nuHwuB~p!&. ~2!
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In each term of the sum~2! the first matrix element repre
sents the amplitude of the strong transition from the interm
diate stateun& to the final stateP1P2, for an off-shell meson
P1 with the invariant mass squaredk1

2, multiplied by the
amplitude of the weak transition ofB into the same interme
diate state. Therefore, the discontinuity~2! describes the fina
state rescattering effects in the decayB→P1P2. Note that all
the particles involved in the weak transition are real, on-sh
particles.

In Ref. @1# we obtained the whole amplitude from its di
continuity by means of a dispersion relation without subtr
tions. We note however that the presence of an additio
term in the dispersion relations is not excluded, even if
subtractions in the dispersion integral are not necessary
see the origin of such additional terms we notice that
deriving the relation~1! we retained only the contribution
given by the action of the Klein-Gordon operatorKx on the
interpolating fieldf1(x), since this was of interest for th
analytic continuation. However, in the LSZ formula there a
some additional terms produced by the action ofKx upon the
functionu(x0). These terms can be written as a sum of eq
time commutators in the form@4#

i

A2v1
E dxeik1xd~x0!^P2~k2!u2 ik10@f1~x!,Hw~0!#

1@]0f1~x!,Hw~0!#uB~p!&. ~3!

As discussed in@4#, these terms can contribute only if the
is a ‘‘direct’’ connection between the interpolating fie
f1(x) and the operatorHw(0). Let ussuppose that we ap
plied the LSZ reduction formula to the final meson whi
does not contain the spectator quark in theB decay. Then we
can assume that one of the currents entering the expres
of Hw(0), more exactly the current which contains the fiel
of the quarks going into the final mesonP1, is related to the
interpolating field by j m

(1)']mf1(x). For the equal-time
commutators we apply the canonical rules, which are sa
fied, up to a renormalization constant, by the interpolat
fields too@4#. Then the only nonzero term in~3! is given by
the commutator
©2000 The American Physical Society16-1
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d~x0!@f1~x!,Hw~0!#5d~x0!@f1~x!,]0f1~0!#
dHw

d]0f1

'd~x! j 0
(2) , ~4!

wherej m
(2) is the second current in the weak Hamiltonian@for

some terms ofHw(0) the argument applies after a Fierz r
arrangement#. By including this expression in Eq.~3!, iden-
tifying the normalization constant with the meson decay c
stantf P1

, and restoring the Lorenz covariance, we notice t
the additional term in the dispersion relation can be writ
in the form

i f P1
k1m^P2~k2!u j m

(2)uB~p!&, ~5!

which is the conventional factorization in terms of a for
factor and a meson decay constant. Of course, nonfact
able corrections might arise if one goes beyond the sim
relation, used in deriving Eq.~5!, between one of the current
in the effective weak Hamiltonian and the interpolating fie
of a final meson.

By combining the new term~5! with the dispersive inte-
gral obtained from Eq.~1!, we propose the following disper
sion representation for the weak amplitude:

A~mB
2 ,m1

2 ,m2
2!5A(0)~mB

2 ,m1
2 ,m2

2!

1
1

pE0

(mB2m2)2

dz
discA~mB

2 ,z,m2
2!

z2m1
22 i e

.

~6!

As discussed above, the first term can be evaluated app
mately using conventional factorization, while in the seco
one the dispersion variable is the mass of the meson w
03401
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does not contain the spectator quark. The representation~6!
gives, when the final state interactions are switched of
term which can be approximated by the factorized amplitu
~with possible hard scattering corrections!, which is a reason-
able consistency condition.1 We are aware that we have no
given a rigorous proof for the dispersion relation~6!, but
brought some general arguments, supported by the con
tency of the physical picture.

Below, we shall investigate in more detail the evaluati
of the above dispersion relation. Our first remark is that
the unitarity sum~2! one can use as a complete set of ha
ronic statesun& either the ‘‘in’’ or the ‘‘out’’ states. The
equivalence of these two sets was used in@5# to prove the
reality of the spectral function forT ~or CP) conserving
interactions. Let us consider what happens if the we
Hamiltonian contains aCP violating part. In the standard
model the weak hamiltonianHw has the general form

Hw5O11O 2eig1H.c., ~7!

whereOj , j 51, 2, are products of vector and axial vect
weak currents involving only real coefficients, andg is the
weak angle of the Cabibbo-Kobayashi-Maskawa~CKM! ma-
trix in the standard parametrization@g5arg(Vub* )#. Then the
spectral function defined in Eq.~2! can be written as

discA~mB
2 ,z,m2

2!5s1~z!1s2~z!eig, ~8!

where s1(z)@s2(z)# are obtained by replacingHw in the
right-hand side of Eq.~2! with O1 @O2#, respectively~we
took for convenience a process involving the weak phaseg).
It is easy to show thats1(z) and s2(z) are real functions.
Indeed, let us assume that a complete setun, in& is inserted in
the unitarity sum of Eq.~2!. Following @5#, we can express
the two matrix elements in this sum as
er
r,
^P2~k2!uh1un, in&5^P2~k2!u~PT!21~PT!h1~PT!21~PT!un, in&5^P2~k2!uh1un,out&* ~9!

and

^n, inuOj uB~p!&5^n, inu~PT!21~PT!Oj~PT!21~PT!uB~p!&5^n,outuOj uB~p!&* . ~10!

We used here the transformation properties of theOj operators underP and T transformations, and the fact that und
space-time reversal the particles conserve their momenta, the in~out! states becoming out~in! states, respectively. Moreove
the matrix elements are replaced by their complex conjugates, given the antiunitary character of the operatorT. By using the
relations~9! and ~10! in Eq. ~2! we obtain

s j~z!5
1

2A2v1
(

n
d~k11k22pn!^P2~k2!uh1un, in&^n, inuOj uB~p!&

5
1

2A2v1
F(

n
d~k11k22pn!^P2~k2!uh1un,out&^n,outuOj uB~p!&G* 5s j* ~z!, j 51,2, ~11!

1We thank M. Beneke for emphasizing this point.
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IMPROVEMENTS TO THE METHOD OF DISPERSION . . . PHYSICAL REVIEW D62 034016
where the equivalence between the complete sets of in
out states in the definition ofs(z) is taken into account
Equations~8! and~11! express in a detailed form the reali
properties of the discontinuity, and bring a correction to
relation ~16! given in Ref.@1#.

From Eq.~11! it follows that the discontinuitiess j (z) are
manifestly real only if the intermediate states form a co
plete set. If the unitarity sum is truncated, this property
lost, since various terms have complex phases which do
compensate each other in an obvious way. By inserting
Eq. ~2! a set of statesun,out&, we obtain for each term the
product of the weak amplitudes with the complex conjuga
of the strong amplitudes. If the set which is inserted cons
of un, in& states, then in Eq.~2! the strong amplitudes appea
as such, while in the weak amplitudes we must take
complex conjugate of the strong phases@the weak phase
multiplying the operatorO2 in Eq. ~7! is unmodified, since
the same part of the weak Hamiltonian acts on both in
out states#.

As noticed in Ref.@5#, it is convenient to write the com
plete set of statesun& as a combination 1/2un, in&
11/2un,out&. In the case ofCP conserving interactions thi
procedure maintains the reality condition of the spec
function ~this method was used in the so-called Omne`s solu-
tion for the electromagnetic form factor@6#!. In our case it is
easy to show that the Goldberger-Treiman procedure
spects at all stages of approximation the specific reality c
ditions expressed in the relations~8! and ~11!.

We consider now the two-particle approximation, wh
the dispersion relation takes a very simple form. Indeed
this case the on-shell weak decay amplitudesAB→P3P4

ap-
pearing in the unitarity sum~2! are independent of the phas
space integration variables, and also of the dispersion v
ablez. Therefore, the dispersion representation~6! becomes
an algebraic relation among on-shell weak amplitudes@1#.

If we insert in Eq. ~2! a set of statesuP3P4 ,out&, we
obtain

discAB→P1P2
5 (

$P3P4%
CP3P4 ;P1P2

* ~z!AB→P3P4
, ~12!

whereCP3P4 ;P1P2
* (z) are the complex conjugates of the c

efficients

CP3P4 ;P1P2
~z!5

1

2E d3k3

~2p!32v3

d3k4

~2p!32v4

~2p!4d (4)

3~p2k32k4!MP3P4→P1P2
~s,t !, ~13!

defined in terms of the strong amplitudesMP3P4→P1P2
(s,t),

wheres, t, andu are the Mandelstam variables. These c
efficients depend on the masses of all the particles partici
ing in the rescattering process, in particular, they depend
the dispersive variablez5k1

2.
Similarly, by including in Eq. ~2! a set of states

uP3P4 , in& we obtain
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discAB→P1P2
5 (

$P3P4%
CP3P4 ;P1P2

~z!ĀB→P3P4
, ~14!

where, according to the above discussion, the amplit
ĀB→P3P4

is obtained fromAB→P3P4
by changing the sign of

the strong phase, namely,

ĀB→P3P4
5uAB→P3P4

ue2 ifseifw,

wherefs(fw) denotes the strong~weak! phase.
Now by performing the symmetric Goldberger-Treima

summation as explained above, we obtain, instead of
~12! or Eq. ~14!, the expression

discAB→P1P2
5

1

2 (
$P3P4%

CP3P4 ;P1P2
~z!ĀB→P3P4

1
1

2 (
$P3P4%

CP3P4 ;P1P2
* ~z!AB→P3P4

.

~15!

With this discontinuity, the dispersion relation~6! becomes

AB→P1P2
5AB→P1P2

(0) 1
1

2 (
$P3P4%

GP3P4 ;P1P2
ĀB→P3P4

1
1

2 (
$P3P4%

ḠP3P4 ;P1P2
AB→P3P4

, ~16!

whereAB→P1P2

(0) can be approximated by the amplitude in t

factorization limit, and the coefficientsGP3P4 ;P1P2
and

ḠP3P4 ;P1P2
are defined as

GP3P4 ;P1P2
5

1

pE0

(mB2m2)2

dz
CP3P4 ;P1P2

~z!

z2m1
22 i e

~17!

and

ḠP3P4 ;P1P2
5

1

pE0

(mB2m2)2

dz
CP3P4 ;P1P2

* ~z!

z2m1
22 i e

. ~18!

Equations ~15!–~18! are the result of the Goldberge
Treiman procedure in the presence ofCP violating interac-
tions, replacing the corresponding relations~38! and ~39!
given in @1#.

The strong amplitudesMP3P4 ;P1P2
(s,t) entering the ex-

pression~13! of the coefficientsCP3P4 ;P1P2
(z) are evaluated

at the c.m. energy squareds5mB
2 , which, as emphasized in

@7#, is high enough to justify the application of Regge theo
@8#. The amplitudesMP3P4 ;P1P2

(s,t) can be expressed
therefore as sums over Regge exchanges in the crossed
nels, more exactly@9#: near the forward direction~small t)
the t-channel exchanges are taken into account, while n
the backward direction~small u) the u-channel exchange
6-3
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are considered. The standard form of a Regge amplit
given by a trajectory exchanged in thet channel is

2g~ t !
t1e2 ipa(t)

sinpa~ t ! S s

so
D a(t)

, ~19!

where g(t) is the residue function,t the signature,a(t)
g

ti

e

e

03401
e5a01a8t the linear trajectory, ands0'1 GeV2. A Regge
trajectory exchanged in theu channel gives an expressio
similar to Eq.~19!, with t replaced byu.

Using the signaturest51 for C51 trajectories andt
521 for C521, we express the strong amplitude near t
foward direction as@1#
c
al

ion.

ge
MP3P4 ;P1P2
~s,t !52 (

V5P, f ,A2 ,K** . . .

gP3P4 ;P1P2

V ~ t !
e2 ipaV(t)/2

sin„paV~ t !/2… S s

s0
D aV(t)

1 (
V5r,K* . . .

igP3P4;P1P2

V ~ t !
e2 ipaV(t)/2

cos„paV~ t !/2… S s

s0
D aV(t)

, ~20!

where the sum extends over thet-channel poles. The first sum includes the Pomeron~which contributes only to the elasti
scattering! and tensor particles, the second sum includes vector particles. In Ref.@1# we used this expression in the integr
over the phase space in Eq.~13!, which finally reduces to an integral over the c.m. scattering angleu. Since the Regge
amplitudes~20! decrease exponentially at larget, the dominant contribution in the integral is brought by the forward reg
This gives a correct result for amplitudes which are small near the backward direction~for example, in processes where theu
channel is exotic!, otherwise, it misses in general the contribution due to large angles. As discussed in@9#, it is more
appropriate to separate the integration over the scattering angleu in two regions, one for small angles using the Reg
expression~20!, the other for large angles where a similar expression

MP3P4 ;P1P2
~s,t !52 (

V5 f ,A2 ,K** . . .

gP3P4 ;P1P2

V ~u!
e2 ipaV(u)/2

sin„paV~u!/2… S s

s0
D aV(u)

1 (
V5r,K* . . .

igP3P4;P1P2

V ~u!
e2 ipaV(u)/2

cos„paV~u!/2… S s

s0
D aV(u)

~21!
d

imi-
given by theu-channel Regge trajectories is valid. Followin
@9#, in performing the unitarity integral~13! we adopt the
expression~20! of the amplitudeMP3P4 ;P1P2

(s,t) for cosu

.0 and the expression~21! for cosu,0. Assuming the re-
sidua functionsgP3P4 ;P1P2

V (t) andgP3P4 ;P1P2

V (u) to be con-

stant along the relevant integration ranges, and neglec
also thet(u) dependence of the denominators in Eqs.~20!
and~21!, the integration over the momentak3 andk4 in Eq.
~13! is straightforward, knowing the kinematic relations b
tween the Mandelstam variablest and u and the scattering
angle. The coefficientsCP3P4 ;P1P2

can be expressed as

CP3P4 ;P1P2
~z!5(

$Vt%
jVt

gP3P4 ;P1P2

Vt kP3P4 ;P1P2

Vt ~z!

1 (
$Vu%

jVu
gP3P4 ;P1P2

Vu kP3P4 ;P1P2

Vu ~z!,

~22!

where the first~second! sum includes the contribution of th
t(u)-channel trajectories. In Eq.~22!, jV is a numerical fac-
tor due to the signature~equal to21 for the Pomeron,iA2
ng

-

for C521 trajectories, and2A2 for C51 physical trajec-
tories!. The coefficientskP3P4 ;P1P2

Vt (z) appearing in the first

sum have the expression

kP3P4 ;P1P2

Vt ~z!5
k34

16pmB
RVt

21~z!@eRVt
(z)21#expF @a0,Vt

1aVt
8 t0~z!#S ln

mB
2

s0
2 i

p

2 D G , ~23!

obtained by integration over the region 0,cosu,1 of the
phase space. We used the notation@1#

RV~z!52aV8k12~z!k34S ln
mB

2

s0
2 i

p

2 D , ~24!

wherek12 andk34 denote the c.m. three momenta and

t0~z!5z1m3
22

~mB
21m3

22m4
2!~mB

21z2m2
2!

2mB
2 . ~25!

As for the coefficientskP3P4 ;P1P2

Vu (z) appearing in the secon

sum of Eq.~22!, they are given by the region21,cosu
,0 of the phase space integral, and their expression is s
6-4
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lar to Eq.~23!, with thet-channel trajectories replaced by th
u-channel trajectories, andt0(z) replaced by the variable
u0(z), which is obtained from Eq.~25! by interchanging the
places ofm3 andm4. The new relations~22!–~23! improve
the corresponding equations~28!–~30! given in Ref.@1#.

III. APPLICATIONS TO THE B0\p¿pÀ AND B¿\p0K¿

DECAYS

An application of the dispersive formalism to the dec
B0→p1p2 was already discussed in Ref.@1#. In the present
work, we reconsider this analysis using the improveme
presented above. As intermediate states$P3P4% in the dis-
persion relation~16! we includep1p2 for the elastic rescat
tering, and two-particle states responsible for the soft ine
tic rescattering. We take into account the contribution of
lowest pseudoscalar mesons:p0p0, K1K2, K0K̄0, h8h8 ,
h1h1, andh1h8. Hereh8 andh1 denote the SU~3! octet and
singlet, respectively, and we assumed for simplicity that
mixing is negligible~we mention that the singleth1 was not
included in the previous analysis@1#!. Then, assuming SU~3!
flavor symmetry, all theB decay amplitudes entering th
dispersion relation can be expressed in terms of a certain
of amplitudes associated to quark diagrams@10#. Following
@10#, we shall assume that the annihilation, penguin ann
lation, electroweak penguin, and exchange diagrams are
ligible. For simplicity, we also neglect in this first step th
tree color suppressed amplitude, as in Ref.@1#. Of course, the
final state interactions can modify the naive estimates ba
on quark diagrams@11#, therefore, the analysis presented b
low is only a first approximation to be refined in a futu
work. With these assumptionsAB0→K1K250, and the re-
maining amplitudes entering the dispersion relation have
expressions

AB0→p1p252~ATeig1APe2 ib!,

AB0→p0p05
1

A2
APe2 ib,

AB0→K0K̄05APe2 ib,
~26!

AB0→h8h8
5

1

3A2
APe2 ib,

AB0→h1h1
5A2

3
APe2 ib,

AB0→h8h1
52A2

3
APe2 ib,
03401
ts
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e

e
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the weak phases being defined asb5arg(Vtd* ) and g
5arg(Vub* ).

The determination of the Regge residuagP3P4 ;P1P2

V which

appear in expression~22! of the coefficientsCP3P4 ;P1 ;P2
was

described in detail in@1#. Using the optical theorem and th
usual Regge parametrization of the total hadronic cross
tions we obtain the following values

gp1p2;p1p2
P [gP

2 525.6,

gp1p2;p1p2
r [g1

2531.4, ~27!

g
p1p2;p1p2

f 8 [g2
2535.3,

for the residua of the Pomeron, ther and the f mesons,
respectively. All the other residua are expressed in term
the couplingsg1

2 and g2
2 by flavor SU~3! symmetry. For

completeness we give their values in Table I, where we
dicate for each trajectory the result given by the Clebs
Gordan coefficients, the sign due to the relation between
quark content of the mesons and the SU~3! vector assigned
to them ~with the convention of Ref.@10#!, and the Regge
factorjV defined below Eq.~22!. The quantityjV gP3P4 ;P1P2

V

appearing in Eq.~22! is obtained for each trajectory by tak
ing the product of the values in the last three columns
Table I.

As follows from Table I, the processp0p0→p1p2 ac-
tually does not contribute to the dispersion relation, since
contribution of ther trajectory in thet channel is exactly
compensated in the unitarity integral by an equal term giv
by the u channel. On the contrary, in the case of theA2
trajectory, the contributions in thet andu channels are equa
and add to each other. We also note that the couplings of
singlet h1 given in Table I are obtained by assuming
exact U~3! symmetry. We took into account in the numeric
calculations that deviations from these values are poss
due to the U~1! anomaly.

With the input described above one can calculate ea
the coefficients~22! and the dispersive integrals~17!,~18!

giving the coefficientsG and Ḡ. By inserting these coeffi-
cients and the explicit expressions~26! of the decay ampli-
tudes in the dispersion relation~16!, we derive an algebraic
equation involving the complex quantitiesAT andAP . Let us
denoteR5uAP /ATu and d5dP2dT , where dT(dP) is the
strong phase ofAT(AP), respectively. Then, after dividing
both sides of the relation~16! by 2uATu and multiplying by
e2 idT, we obtain the following equation:
eig1Reide2 ib5
e2 idT

uATu @AT
(0)eig1AP

(0)e2 ib#2@~0.0111.27i !1~0.7521.01i !e22idT#eig

1R@2~1.9712.64i !eide2 ib2~1.7821.99i !e2 ide2 ibe22idT#. ~28!
6-5
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whereAT
(0) andAP

(0) are the tree and penguin amplitudes in the factorization approximation. We mention that in Ref.@1# the
equation similar to Eq.~28! did not contain the factorized amplitude and, due to an improper application of the Goldb
Treiman technique, the weak phaseb appearing in the last term had a wrong sign.

Multiplying both sides of Eq.~28! by eib one notices that the weak angles appear in the combinationg1b5p2a, where
a is the third angle of the unitarity triangle. Then, solving the complex equation forR anda we derive the expressions

R~dT ,d!5U1.01011.27i 1~0.7521.01i !e22idT2~e2 idT/AT!@AT
(0)1AP

(0)e2 i (g1b)#

2~1.9712.64i !eid2~1.7821.99i !e2 ide22idT
U , ~29!

TABLE I. Values of the Regge residua of the rescattering amplitudes inB0→p1p2: column II indicates
the channel, III the Regge trajectories, IV the coupling given by SU~3! Clebsch-Gordan coefficients, V the
additional sign due to the definition of the meson states, and VI the Regge factorjV .

I II III IV V VI

p1p2→p1p2

t r g1
2 1 iA2

t f 8 g2
2 1 2A2

u exotic

p0p0→p1p2

t r g1
2 2 iA2

u r 2g1
2 2 iA2

K0K̄0→p1p2

t exotic
u K* 21/2g1

2 2 iA2
u K** 3/2g2

2 2 2A2

h8h8→p1p2

t A2 g2
2 2 2A2

u A2 g2
2 2 2A2

h1h1→p1p2

t A2 5g2
2 2 2A2

u A2 5g2
2 2 2A2

h8h1→p1p2

t A2 A5g2
2 2 2A2

u A2 A5g2
2 2 2A2
e

we

h

ce

able

m 0
in
and

a~dT ,d!5p1argF1.0111.27i 1~0.7521.01i !e22idT

2
AT

(0)

uATu
e2 idTG2argF2~1.9712.64i !eid2~1.78

21.99i !e2 ide22idT1
e2 idT

R

AP
(0)

uATuG , ~30!

where in the last equation we useR from Eq. ~29!. The
evaluation of these expressions requires the knowledg
the ratiosAP

(0)/AT
(0) and AT

(0)/AT . We use for illustration
AP

(0)/AT
(0)50.08 @12#, and a reasonable choiceAT

(0)/AT'0.9.
03401
of

The expression ofR contains also the weak angleb1g, but
the dependence on this parameter is very weak. In Fig. 1
representR @Eq. ~29!# as a function of the phase differenced,
for two values ofdT . We recall that the ratioR is expected to
be less than one, and such values are obtained for botdT
50 anddT5p/12. The ratioR is actually a periodic function
of d with a period equal top, which implies that discrete
ambiguities affect the determination of this phase differen
for a given value ofR.

In Fig. 2 we showa as a function ofd, for dT50 and
dT5p/12. Since one expects positive values ofa, the curves
shown in Fig. 2 indicate that negative values ofd are pre-
ferred. We have checked that the results are rather st
with respect to the variation of theh1 couplings. For in-
stance, by varying the corresponding Regge residua fro
up to a value 2 or 3 times larger than the value given
6-6
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Table I, we notice that the curves in Figs. 1 and 2 are sligh
shifted, but the general behavior remains the same. Actu
the dominant contribution is given by the elastic chann
more precisely by the Pomeron, as is seen in Fig. 1, wh
we show the ratioR for dT5p/12, keeping only the contri-
bution of the Pomeron in the Regge amplitudes~dotted
curve!.

For comparison, in Ref.@1# the corresponding equatio
did not contain the amplitude in the factorization limit, an
instead of the anglesb1g andd, we had the anglesg and
d2b, respectively@see the remark below Eq.~28!#. Figures
1 and 2 given in@1# become therefore meaningful if th
arguments are replaced accordingly; they represent in faR
andd as functions ofb1g5p2a, neglecting the factorized
term. The values ofR obtained fordT50 were larger than
one, suggesting that small values ofdT are excluded. Now,
as seen in Fig. 1, the improved dispersion representation
posed in the present work indicates that reasonable value
R are compatible with small values ofdT .

In a second application we consider the decayB1

→p0K1, taking as intermediate statesP3P4 the pseudo-
scalar mesonsp0K1, p1K0, h8K1, and h1K1, allowed
by the strong interactions. A model independent analy
based on isospin symmetry done in Ref.@13# gives for the
amplitude ofB1→p0K1 decay the expression

AB1→p0K152
P

A2
@12eaeigeih2e3/2e

if~eig2dEW!#,

~31!

FIG. 1. The ratioR5uAP /ATu given by Eq.~29! as a function of
the strong phase differenced, solid curvedT5p/12, dashed curve
dT50. The dotted curve is obtained fordT5p/12, by keeping only
the contribution of the Pomeron in the Regge amplitudes.
03401
y
ly,
l,
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is

whereP denotes the dominant penguin amplitude,dEW is an
electroweak correction, andea , e3/2, h andf are hadronic
parameters (f5f3/22fP , wheref3/2 is the strong phase o
the I 53/2 amplitude andfP the phase ofP). According to
@13#, the term proportional toea , which is due to nondomi-
nant penguin and annihilation topologies, is smaller than
last terms appearing in Eq.~31!. Neglecting in a first ap-
proximation this term and using flavor SU~3! symmetry for
the weak decays@10#, we write the amplitudes which con
tribute to the dispersion relation as

AB1→p0K152
P

A2
@12reif#, AB1→p1K05P,

AB1→h8K15
P

A6
@11reif#,

AB1→h1K152
P

A3
@22reif#, ~32!

where

r 5e3/2~eig2dEW!. ~33!

We need also the amplitudeAB1→p0K1
(0) in the factorized ap-

proximation, which we write as@14#

AB1→p0K1
(0) '2

P(0)

A2
@120.35eig#.

The Regge residua entering the coefficients~22! can be ex-

FIG. 2. The weak phasea @Eq. ~30!# as a function of the strong
phase differenced, solid curvedT5p/12, and dashed curvedT

50.
6-7
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TABLE II. Values of the Regge residua for the rescattering amplitudes in theB1→p0K1 case. The
meaning of the columns is the same as in Table I.

I II III IV V VI

p0K1→p0K1

t f 8 1/2g2
2 2 2A2

u K* 1/4g1
2 1 iA2

u K** 3/4g2
2 1 2A2

p1K0→p0K1

t r 2A2/2g1
2 1 iA2

u K* 2A2/4g1
2 2 iA2

u K** 23A2/4g2
2 2 2A2

h8K1→p0K1

t A2 2A3/2g2
2 2 2A2

u K* A3/4g1
2 1 iA2

u K** 2A3/4g2
2 1 2A2

h1K1→p0K1

t A2 2A15/2g2
2 2 2A2

u K** A15/2g2
2 1 2A2
r
th
pressed in terms of the same parametersgP
2 , g1

2 , andg2
2 as

defined in Eq.~27! by using SU~3!. We fix the Pomeron
coupling to the same value as in thepp case, and take fo
the other trajectories the values listed in Table II, where
meaning of the columns is the same as in Table I.
e

t

na
io
-
iv
o

03401
e

By inserting the amplitudes~32! and the new coefficientsG
and Ḡ, calculated as above, in the dispersion relation~16!,
we obtain after simplifying withuPu a complex equation in-
volving the parametersr , fP , and f. From this equation
we obtain forr the expression
r ~fP ,f!5~0.1210.09i !
~5.4814.05i !2~6.9824.8i !e2ifP1 i ~23.331eig!~P~0!/uPu!eifP

~0.1610.75i !e2 if2eife2ifP
. ~34!
nal
m.
ro-

gge

ex-
on-

red
d

the
ry to
lity
the
ion
mp-
is
d by
The expression ofr contains also the ratioP(0)/uPu and the
weak angleg ~actually the dependence ofr on g is very
weak!. In Fig. 3 we show for illustration the real and th
imaginary parts ofr as functions off, for fP5p/6, using
the estimateP(0)/uPu'0.7. From the definition~33!, calcu-
lated with the parameterse3/250.24 anddEW50.64 given in
Ref. @13#, we can extract the weak angleg, defined asg
5arg(r /e3/21dEW). In Fig. 4 we show the variation ofg as
a function off for fP5p/6.

IV. CONCLUSIONS

In the present work we brought several improvements
the dispersion formalism proposed in Ref.@1# for investigat-
ing the hadronic parameters inB nonleptonic decays. The
main modification consists in the discovery of an additio
term in the dispersion representation. The new dispers
relation is given by Eq.~6!, where the first term can be ap
proximated by the factorized amplitude, and the dispers
variable is the mass of the final meson which does not c
o

l
n

e
n-

tain the spectator quark. We mention that Eq.~6! is not a
subtracted dispersion relation, the origin of the additio
term being an equal time commutator in the LSZ formalis
We also treated more carefully the Goldberger-Treiman p
cedure to perform the unitarity sum, and refined the Re
model by the inclusion of both thet- andu-channel trajecto-
ries. We emphasize that the analytic continuation in the
ternal mass could be kept under control in the present c
text, since the Regge dynamics is rather universal~as long as
the masses are small with respect to the energy!.

With the improvements mentioned above we reconside
the analysis of theB0→p1p2 decay previously made, an
discussed also the processB1→p0K1. In the present calcu-
lation we restricted the sum over intermediate states to
lowest pseudoscalar mesons, and invoked flavor symmet
reduce the number of unknown amplitudes. The credibi
of the results relies on the validity of the assumption that
higher states do not contribute significantly in the dispers
relation. There are several arguments in favor of this assu
tion. First, our results show that the dominant contribution
given by the Pomeron. Higher mass states are suppresse
6-8
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the phase space integration appearing in Eq.~13!, since in
our formalisms5mB

2 . Finally, one can argue that the effe
of the higher states is simulated in a certain sense by
Goldberger-Treiman procedure, since it ensures a rea
property of the discontinuity, which is normally valid whe
the unitarity sum is not truncated.

For simplicity, in the present application of the meth
we neglected the amplitudes suggested to be small by
quark diagrams, which introduces some model depende
in the final results. A more complete treatment including
the amplitudes is possible, by the simultaneous use of sev
dispersion relations for weak amplitudes correlated thro
rescattering effects.

FIG. 3. The real part~solid curve! and the imaginary par
~dashed curve! of r defined in Eqs.~33! and~34!, as functions of the
strong phase differencef, for fP5p/6.
.
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